Lifting Entry (continued)

e Basic planar dynamics of motion, again
e Yet another equilibrium glide
e Hypersonic phugoid motion

e Planar state equations
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Basic Equations of Motion

From last time, i v, 8
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Assume (at entry velocities close to orbital) g




Solving for Velocity
Divide (2) by (1)
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Differential Elements

As before,
dh
& sin 7y (5)
P = poe_h_z (6)

Differentiating (6),
dp P N dh p dh

df R, A

d
d_lz = —h%vsinfy (7)
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Differential Elements (2)

Solve (7) for v

i (1@> (8)

sin 7y ;dt
Substitute (8) into (1) and rewrite as

&y pvl W L(—h8>1d,0

dt _ﬁﬁ_%ﬁ sin -y ;dt
dry —h oL
— dp (9)
di 2 inike &b
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Solving for Flight Path Angle

/j sin ydy = ;L;l[; OP dp (9)
COSY — COS Ve = ;—;%p (10)
cosy = S—E%p—l—cos% (11)

v = —cos ! (;L; l[;p I COS’)/€> (12)

Note that the negative sign was inserted because cos™! is
ambiguous as to direction, and the flight path angle on entry

should be >0.
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Flight Path Angle and Velocity Equations

hey L 555
v = —cos™ ! <% 7 Poc s —I—COS’}/€> (13)

Rewrite (4) as

UR=RUrTCLD e =40 = Ve EIP e )
L/D L/D

and substitute into (13)

d 1 ol _h
V= v, exp{L/—D [%+Cos (%5'008 s +cos%>]}(14)
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Deceleration

D 2
Along the flight path, | —| = e
m 203
L pv? L
P dicular to the flight path, |—| =
erpendicular to the flight path, |— 28 D

Total deceleration (not in g’s)
Ry [ L \“ pv? Love
i L) _ s L
n=yf(2) 4 (2 = Lvpam= 2 i (£)
2 2
PV L e
p— 1 - h s 15
n % \/ Al (D) e (15)
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Fiddling with Algebra
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More Algebra

dn
e
T

2 2
PoV L N e 2 2 dX —1 N h SRR
—= & 1 — hs @ L/D —_— hs e L/D 18
y 25\/+(D> [6 c L/Ddh+(h8 o ERE
Factoring out common terms,

ER . =
he L/D dh =
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Even More Algebra
From (13),

—1 hs L __h
il e COS %5,006 hs - COSIYe

X =7, —7=—cos " (cosvy) + Ve
Y = cos vy

X=~,—cos Y (20)
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Trigonometry, for a Change

Trig identity -

d(cos™tu) -1 du (21)
dx {2 dr
gX T d(cos®-Y i 1 . dhg
T dh SV
dX | d(cos )
dh \/1 — cos? Y dh
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Back to the Algebra

From (13),
B s b
COs 7y = 25D'006 s + COS Ve
dX 1 d (hspo L _n - s
- - 6 s 2
dh /1 —cos2ydh \ 28 D by

dX_ 1 hspo L [ —1 e
dh  sinvy | 268 D \ hyg el

e i— : (& s
diy 2 e i)
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Maximum Deceleration Case

If we go back to the n,,.. case, (19) gives

1 5 oy dX.-
R DT
1 2 Do B b
- = (& hs
hs L/D2Bsin~y,, D
P, Vm are values at 1,44
1 e 0 L __
— = LRa e (24)
hy  [Bsin~y,, D
o ohs L S 1k
Sin Yy, = '05 e W (25)
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Let’s Go Back to Algebra
pohs L
28 D

hm

COS Vm = Pe ks + COSYe

Let & =

. _— hm
SIN ¥y, = Pe Fs

h

Let H=SeW =

B, 2 By \ 2
(q)e_h_s + CosS %) = (CIDG_ hs ) —
(DH + cosve)” + (PH)? =1
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Algebra is Fun, Don’t You Think?
202 H? 4+ 20 H cos v, + cos® Y. — 1 = 0

202 H?* + 20 H cosv, — sin® v, = 0

—2® cos v, + \/4<I>2 cos2 v, + 4(2P2) sin® v,

H =
42
H:—i COS Ve \/COSQ”)/ + 2sin? ~
20 e L e e
H : \/1+ in’
— — —— [N CO5a e SIIl Ve
2 i 5
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Maximum Deceleration Equations
Skipping some paintul algebra and trig,
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COS YVim = COS Ve —

i) Namoaie
Vi = JISCEETE
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Phugoid Oscillations

Assume a shallow, linear entry trajectory:
g il D=~ 0 Yo ~= 0

h:vsinv%vv

ey e ! v?
g mg v2

Small perturbations =— h = hy + Ah

Y=m+ Ay = Ay
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Perturbation Analysis
h = vy
h:h1+m:/ml+mzm

Ah = (v1 + Avl)(//l + Av) = 1Ay + /\%//\fy
Ah = v Avy
Neglecting drag =— v = constant

L L{+AL ©v?Ac; _hitan
—_ = o /006 hs
m m 2m
v? Acr, i T VI T
— e Pep Ba = ——@ B
2m m
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Perturbation Analysis

Using Taylor’s series expansion,

L LA ( Ah)
= 1
m m h

AL L Ak
TP
AL L
DAY = | { = = — }
g mg m V¢
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Perturbed Lift

On an equilibrium glide,

: L V2
m T

1 i Ve | vy

mg gr =

. AL L1 Ah 2\ gAh
AR === = L
m m hg v2 )
9 <= Simple
Ah + (1 ”;) T Ah=(| harmonic
v hS motion
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Phugoid Parameters
Frequency: w? = (

i 2T

=l e —
W

m ™m
0 e S N v (—) P
SEC :
7750 11m21s
6000 4m15s
4000 3m1l5s
2000 2mb5s
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Free-Body Diagram with Spherical Planet
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Planar State Equations
W= (
Sum of transverse accelerations

L

L
m = B N0so — WY
m

Sum of parallel accelerations

D

gsiny = v
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Planar State Equations (2)
F=h=u sin -y

r0 = v cos Y

(V)

w:ﬁ—ézﬁ—;cosv

L : v
— — gCosy = (fy— —COS")/) v
m r

L ( 02> ,
— —|g— — ) cosy =
.

m
L Ui :
ol L — — | OB =1
™ rJg
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The Canonical Planar State Equations

: L v?
Vo= — — | | — — | gcay
m VZ
: D .
== g sin vy
m

f:iz:vsinv

r = U COS 7Y

Coupled first-order ODEs
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Associated Parameters to State Eqns

el pv? Acy, i ov? Acp cy, P pv? L

T S o7 2 T 20 D
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Numerical Integration - 4th Order R-K

Given a series of equations T )

2 %
A < At :ZC_Q
3 f( 5 y+2>

| | - O(At°)
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